Abstract. An elementary analytical method is presented for computation of integrals from zero to infinity involving the product of 3 or more spherical Bessel functions multiplied by an exponential and an arbitrary power. The method is based on the fact that spherical Bessel functions are essentially combinations of elementary functions and that any can be obtained from the function of zero order by an appropriate differentiation.
V. I. FABRIKANT
This means that there should be elementary ways to compute integrals of these functions. This elementary approach is presented here.
Description of the method.
As we know from (Gradshteyn and Ryzhik, 1994 ) the spherical Bessel function of order n is related to a regular Bessel function as
Denoting the spherical Bessel function of order zero as
we get the following relationship:
Taking (2) into consideration, we can rewrite (3) as
Suppose we need to compute
I(q, m, n, k; a, b, c)
Here m, n, and k are integers and q, a, b, and c are real numbers. By using (3) we can obtain the result
We realize that in the general case the integral in (6) is divergent, but we can either regularize it and use the finite part or just compute it formally, having in mind that the differentiation to follow will lead to the correct result. By using the trigonometric identity
we can reduce the computation of (6) to a simple integral (Gradshteyn and Ryzhik, 1994 , formula 3.761.4)
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The substitution of (7) into (6) and the utilization of (8) yields
It is presumed in (9) , without loss of generality, that a, b, and c are positive. The differentiation can be performed either directly or by using the following general formula:
Here [n/2] denotes the integer part of the ratio; f (m) (z) stands for the m-th derivative of f with respect to z.
We realize additional difficulty in using (9) , when q −m−n−k −2 is zero or a negative integer, as well as in the case of m + n + k + 3 − q being an odd integer. We shall need to compute certain limits. The basic limits are related to the following integrals:
It is presumed, without loss of generality, that a > b.
The reader should notice that the relevant formula 3.763.4 in Gradshteyn and Ryzhik is in error.
Generalization for the case of four Bessel functions.
It is obvious that in the case of 4 spherical Bessel functions formula (6) will take the form
The relevant trigonometric relationship to be used here is
so that the procedure of integration reduces to the following integral (Gradshteyn and Ryzhik, 1994, formula 3.761.9):
Utilization of (16) and (17) allows us to compute the basic integral
In the case of q being an integer, we shall need to compute proper limits. For example, in the case of q = 1, we get
In the case of q = 3 the result is
The cases of q = 0 and q = 2 are trivial. (p, q, m, n, k; a, b, c) 
The basic integral can be found in (Gradshteyn and Ryzhik, 1994, formula 3.944.5)
The application of (23) to (22) gives us
In the case of q being an integer, proper limits need to be computed. For example, for q = 1 the result is
In the case of q = 2, we obtain
The case of 4 spherical Bessel functions can be resolved in the same manner, as indicated in (17), and the basic integral here will be
In general, when we have an odd number of spherical Bessel functions, the basic integral is (23); and in the case of an even number of spherical Bessel functions, the basic integral is (27).
Examples.
We took as examples some of those computed in (Mehrem, 2010) , as well as some which cannot be computed by his method:
Utilization of (13)- (15) in (28) gives us
for | a − b |< c < a + b. The result is one half of that given by (29) at the boundaries c =| a − b | or c = a + b, and it is zero otherwise.
In a similar manner, we get
for | a − b |< c < a + b. The result is one half of that given by (30) at the boundaries c =| a − b | or c = a + b, and it is zero otherwise. The next example is
Simplification of (31) for the case | a − b |< c < a + b yields
and we get zero otherwise. The next example yields
for the case | a − b |< c < a + b. The result is
for c ≥ a + b, and we get zero otherwise. We consider
We obtain
for c ≥ a + b, and we get zero otherwise. A somewhat more complicated example is
The result is
for c ≥ a + b, and we get zero otherwise.
The above results are in agreement with (Mehrem et al., 2010) , in the interval | a−b |< c < a + b, except (33)- (40), where Mehrem's result is in error at the boundary c = a + b (there should be no factor 1/2 there). Mehrem was also unable to give the result at c > a + b. Here is an example which cannot be computed by the method described there:
Formal use of (6) leads to
The final result is 
In the case of a = b = 1, formula (51) is in agreement with the result of (Gebremariam et al, 2010) . Additional examples of computations of integrals of 3 spherical Bessel functions and an exponential are given above in (24)-(26).
Conclusion.
A general and elementary method has been developed, which for the first time allows us to compute infinite integrals consisting of an arbitrary number of spherical Bessel functions multiplied by arbitrary power and an exponential. In each case the result is expressible in terms of elementary functions. Unlike previous work in this field, no limitations are imposed either on the order of spherical Bessel functions or on the relations between factors in their arguments.
